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Abstract We report on a magneto-photoluminescence study of single neutral
excitons conﬁned in single self-assembled semiconductor quantum rings. Oscillations in the exciton radiative recombination energy and in the emission
intensity are observed under an applied magnetic ﬁeld. Special emphasis is
placed on the manipulation of this Aharonov-Bohm-type oscillations with a
vertical electric ﬁeld. We observe that both the exciton oscillator strength and
the periodicity of the oscillation can be tuned. This tunability is explained by
calculating the single particle wave function in both unstrained and strained
semiconductor quantum rings in the presence of external electrical ﬁelds.
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1 Introduction
The Aharonov-Bohm (AB) eﬀect [1] demonstrates the phase change of a
charged particle traveling around a region enclosing a magnetic ﬁeld. This
eﬀect has been observed independently for electrons and holes in micro and
nanoscale structures [2, 3, 4]. Theoretical investigations have predicted that
it is also possible to observe the AB eﬀect when considering a single neutral
exciton (an electron-hole pair) conﬁned in a quantum ring (QR) structure.
The phases accumulated by the electron and the hole will be diﬀerent after
one revolution, leading to modulations between diﬀerent quantum states. [5]
This so called neutral exciton AB eﬀect can be probed from the photoluminescence (PL) emission in semiconductor QRs, since the change in the
phase of the exciton wave function is accompanied by a change in the exciton
total angular momentum, making the PL emission magnetic ﬁeld dependent. [6, 7, 8, 9, 10] Recently it was also proposed that this eﬀect can reduce the
oscillator strength of an exciton to zero, which may leads to the realization
of an optical quantum memory. [11]
Self-assembled semiconductor nanostructures are ideal test beds for the
experimental observation of this neutral exciton AB eﬀect. The composite
nature of excitons enables the electron and the hole making up the exciton
to acquire diﬀerent phases as they propagate inside the ring-like structure,
leading to an observable modiﬁcation of the exciton recombination energy
and lifetime. Experimental veriﬁcation of this eﬀect has been reported for
radially polarized neutral excitons conﬁned in a type-II quantum dots (QDs)
structure. [12, 13, 14] However, in a type-I QD or QR structure the electronhole separation is relatively small, making the experimental observation for
such an eﬀect a diﬃcult task. Recently there have been reports on optical
AB-type oscillations in type-I InAs QR ensemble [15] and in a single InGaAs
QR [16] under increasing magnetic ﬁeld. In both cases the radial polarization
of the exciton, either by build-in electric ﬁeld or due to asymmetric eﬀective
conﬁnement for the electrons and holes, plays an important role.
In this chapter we study single self-assembled In(Ga)As/GaAs QRs fabricated by molecular beam epitaxy combined with in situ AsBr3 nanohole
drilling. [17] A detailed investigation of the morphology of buried In(Ga)As/GaAs
nanostructures unveils a progressive morphological evolution from QDs to
volcano-shaped QRs, as the AsBr3 etching depth is increased. Due to the
asymmetry in the eﬀective conﬁnement for electrons and holes, we expect
a radial polarization of the neutral exciton. These QRs show magnetic ﬁeld
dependent oscillations in the PL energy and intensity of a single neutral
exciton, in agreement with previous theoretical predictions. With a vertical
electric ﬁeld the radial polarization and the oscillator strength of the exciton can be modiﬁed, leading to a tunable AB-type eﬀect. [16] In the end of
this chapter we consider a theoretical interpretation of the tunable AB eﬀect
by calculating single particle wavefunctions in both unstrained and strained
semiconductor QRs in the presence of vertical electrical ﬁelds.
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2 Fabrication Techniques of Self-assembled Quantum
Rings
2.1 AsBr3 insitu nanohole drilling
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Fig. 1 Schematic representations of the fabrication techniques of In(Ga)As/GaAs
QRs with molecular beam epitaxy.

In the previous chapters the formation mechanism of self-assembled QRs,
especially by the droplet epitaxy method, is discussed. In fact there are currently several important techniques available for the fabrication of semiconductor QRs with molecular beam epitaxy, see Fig. 1. Our employed technique
bases on AsBr3 insitu nanohole drilling [Fig. 1(c)], and it is diﬀerent from the
commonly used partially capping and annealing technique [18] [Fig. 1(a)] and
the droplet epitaxy technique. [19, 20, 21] [Fig. 1(b)], which have diﬀerent
formation mechanism and morphology.
The QR samples examined in this chapter are grown on GaAs (001) substrates in a solid-source molecular-beam epitaxy system equipped with an
AsBr3 gas source. After oxide desorption, a 300-nm GaAs buﬀer layer is
grown at 570◦ C. A 1.8-monolayer (ML) InAs layer is then deposited at 500◦ C,
using an In growth rate of 0.01 ML/s. After 30 s growth interruption, the substrate temperature is lowered to 470◦ C and a 10-nm GaAs cap is deposited
at a rate of 0.6 ML/s while the temperature is ramped back to 500◦ C. After
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GaAs deposition, the AsBr3 etching gas is subsequently supplied to drill the
nanoholes. The etching rate of GaAs was 0.24 ML/s, which was calibrated
by reﬂection high-energy electron diﬀraction intensity oscillations.
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Fig. 2 Morphology studies of the buried QDs and QRs with AFM. The schematic
representations and the surface morphology (500×500 nm2 ) of the as-grown QDs are
shown in (a) and (b) respectively. After removing the GaAs capping layer by selective
chemical etching, see the schematic in (c), the surface morphology is shown in (d).
Note that (b) and (d) are taken from the same area on the sample. The nanohole
drilling process is shown in the second row. The insets in (d) and (h) show the three
dimensional images of a single QD and a single volcano-shaped QR.

2.2 Structural characterization
During the deposition of 10 nm GaAs capping layer on the as-grown QDs, the surface morphology develops into a rhombus-shaped structure with a
tiny hole in the middle [Fig. 2(a) and (b)]. After supplying the AsBr3 etching gas, there is a preferential removal of the central part of the buried QDs
due to the local strain ﬁeld induced by the buried QDs, see Fig. 2(e) and
(f). [17] In order to characterized the underlying structures, a selective chemical etchant [ammonium hydroxide (28% NH4 OH), hydrogen peroxide (31%
H2 O2 ) and deionized water (1:1:25)] is used to remove the GaAs capping
layer. NH4 OH:H2 O2 solutions are known to etch selectively GaAs over InGaAs alloys.[22, 23, 24, 25] The mixture used here etches GaAs at a rate
of ∼10 nm/s.[23] Fig. 2 (d) and (h) show the morphology after the removal
of GaAs capping layer and suggest that the selective etching process significantly slows down at the In(Ga)As wetting layer (WL), see also Fig. 3(a).
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Prolonged etching results in the removal of the WL and the undercut of the
QDs. We veriﬁed that diﬀerent etching experiments with the same nominal
duration (1 second) performed on the same sample yield compatible results.
Slower etching rates of GaAs are achievable with diluted solutions. [26]

TEM

(a)

(b)
10nm

Height (nm)

r1

GaAs
50 nm

8

H

h

InAs WL

r2

6
4
H
h

2
0

0

1

2

3

Nominal etching depth (nm)
Fig. 3 (a) Cross-sectional TEM image shows the QRs with nominal AsBr3 etching
depth of 3 nm, it provides structural information comparable to that from the AFM
image shown in the inset of (b). The statistical structural analysis of the uncapped
In(Ga)As nanostructures as a function of the nominal etching depth is shown in (b).
H is the height of the embedded nanostructures, and h is the distance between the
InAs WL and the bottom of the dip at the nanostructure apex.

The selective removal of capping layer combined with AFM enables a statistical structural analysis of the uncapped In(Ga)As nanostructures as a
function of the nominal AsBr3 etching depth, see Fig. 3(b). A cross sectional
transmission electron microscopy (TEM) image of a single QR from a similar
sample is also presented [Fig. 3(a)], it provides comparable information to
that from the AFM studies. Therefore we argue that the selective chemical
etching combined with AFM is a reliable, fast and convenient way to characterize buried In(Ga)As/GaAs nanostructures, it provides information on
the three-dimensional morphology and does not require any special sample
preparation.
We focus now on the QRs with a nominal etching depth of 3 nm. Both
AFM and TEM conﬁrm that the average inner radius r1 of the QR is about
8.5 nm, while the average outer radius r2 is about 19 nm, and the height H
is about 4 nm. The inner height h is less than 1 nm. Such a ring structure
could produce asymmetric conﬁnement potentials for the electron and the
hole, thus the neutral exciton AB can be expected.
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3 Magneto-photoluminescence
The photoluminescence under magnetic ﬁelds can be used to probe the energy changes and intensity changes that related to the nature of the excitonic
ground state. The samples are placed in a cryostat tube which is evacuated
and then reﬁlled with a small amount of helium exchange gas. The tube is
then inserted into a 4.2 K helium bath dewar equipped with a superconducting magnet capable of providing ﬁelds up to 9 Tesla (T). The sample is excited
by a 532 nm CW laser beam and the PL is collected by an objective with 0.85
numerical aperture. The PL signal is then dispersed by a spectrometer with
0.75 m focal length equipped with a 1800 g/mm grating, and captured by a
liquid nitrogen cooled Si charge-coupled device (CCD). Figure 4(a) and (b)
show the PL spectra for a single QR and a single QD under magnetic ﬁelds
from B=0 T to 9 T in Faraday conﬁguration. The system has been carefully
optimized and tested in order to minimize the drifts associated with magnetic
ﬁeld ramping. An optimum resolution of 2.5 µeV can be achieved by ﬁtting
the PL peaks with Lorentzian functions. [16] With this system we can detect
a ﬁne structure splitting of a neutral exciton state of 13 µeV with an error
of ±2.5 µeV, which is near the resolution limit of our PL system and would
be undetectable without the Lorentzian ﬁtting process.
In Figs. 4(a) and (b) we can observe the characteristic Zeeman splitting as
well as the diamagnetic shift of the PL emission energy for both single QD
and QR. The neutral exciton emission energies of the QR before and after
averaging the emission energy values of the Zeeman split lines are plotted
in Figs. 4(c) and (e). It is observed that the emission energy does not scale
quadratically with increasing B ﬁeld. Figure 4(e) looks quite similar to the
one shown in a very recent report, [15] in which the AB oscillations in ensemble InAs/GaAs QRs were observed. However, the diamagnetic shift for a
single QR studied in our work is ∼6 times smaller than the value for the ensemble QRs and the oscillation amplitude is much smaller. Also, no Zeeman
splitting was observed by Teodoro et al. because of the broad ensemble emission. In order to visualize the magnetic ﬁeld induced oscillations, we subtract
a single parabola from Fig. 4(e) and plot the results in Fig. 4(d). There are
two maxima at ∼4 T and ∼7 T (the solid line here, which represents the
smoothed data using a Savitzky-Golay ﬁlter, is guide to the eye), suggesting
changes in the ground state transitions.
Another signiﬁcant feature observed is the change in PL intensity with
increasing magnetic ﬁeld, see Fig. 4(a). The change in PL intensity is one
of the signatures expected for a QR and is attributed to oscillations in the
ground state transitions. [6, 12, 13, 15] Two knees can be observed at ∼4 T
and ∼7 T [Fig. 4(f)], which correspond well with the peak energy oscillation
maxima in Fig. 4(d) (indicated by arrows).
All the observations here are well above the system resolution, and they
strongly contrast with the experimental results on a conventional QD [see
Fig. 4(b)], where no peak energy oscillation and PL intensity quenching are
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Fig. 4 Magneto-PL from a single QR (nominal etching depth of 3 nm) (a) and a
single QD (b) under diﬀerent magnetic ﬁelds. The ﬁtted PL peak position versus B
ﬁeld before (c) and after (e) averaging the Zeeman splitting for the neutral exciton
emission from the single QR. The blue dashed line in (e) indicates a parabolic ﬁt.
Oscillations in PL energy and corresponding normalized PL intensity as a function of
B ﬁeld are shown in (d) and (f), respectively. The solid lines represent the smoothed
data using a Savitzky-Golay ﬁlter. The arrows in (d) and (f) indicate changes in the
ground state transitions.

observed [16]. Especially, the PL intensity of this QR quenches by more than
70% with increasing magnetic ﬁeld, which is conﬁrmed by repeating the measurements and similar observations in other QRs. A recent study on single
GaAs QR obtained by droplet epitaxy also revealed a signiﬁcant reduction
in the PL intensity by more than 20% at B > 6 T, [27] the exciton AB eﬀect
may account for the observation.

4 Gate-controlled AB-type Oscillations
There are great fundamental and application interests to have a control knob
for this optical AB eﬀect. Fischer et al. proposed that a combination of mag-
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netic ﬁelds and electrical ﬁelds can be used to control the exciton oscillator
strength and therefore switch a single exciton between optical bright and
dark states. [11] In our experiments some of the QRs are embedded in an
n-i-Schottky structure [see Fig. 5(a)], consisting of 20 nm n+ GaAs layer
followed by a 20 nm thick spacer layer under the QRs, 30 nm i-GaAs and
a 116 nm thick AlAs/GaAs short period superlattice. With a 5 nm thick
semi-transparent Ti top gate, an electric ﬁeld can be applied to modify the
energy band of the ring. [28, 29] When a forward bias Vg is scanned from 0.3
to 0.32 V (with steps of 0.5 mV), the neutral exciton emission energy from
a single QR is tuned by about 30 µeV [see Fig. 5(b)]. It is worth mentioning that both raw peak positions and Lorentzian ﬁtted peak positions are
plotted in Fig. 5(b), in order to illustrate the peak determination procedure
mentioned above.
(a)
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Fig. 5 (a) Schematic of the n-i-Schottky structure used to control the QR emission
under magnetic ﬁelds. (b) When the bias changes from 0.3 V to 0.32 V, the PL
emission shifts by ∼30 µeV. Both the raw and the Lorentzian ﬁtted peak positions
are plotted.

This gated-QR structure can therefore be used to demonstrate the possibility of controlling the magnetic ﬁeld dependent PL with an external electric
ﬁeld. The oscillations for a single QR (with a nominal AsBr3 etching depth
of 3 nm) under a forward bias of 2.8 V are clearly seen in Fig. 6(a), with
the two transition points at 2.6 T and 8 T. When we decrease the bias from
2.8 V to 0.8 V, it is clear that the transition points shift smoothly to higher
magnetic ﬁelds [Fig. 6(b)], indicating that the eﬀective radii of the electron
and the hole are modiﬁed by the external gate potential. The PL intensity
is also strongly modiﬁed at diﬀerent electric ﬁelds and magnetic ﬁelds, see
Fig. 6(c). At ∼1.8 V the PL intensity shows clear modulation by the magnetic
ﬁeld, i.e., ﬁrst quenches by more than 25% at ∼5.2 T and then recovers fully
to its original value with increasing magnetic ﬁeld. This observation is quite
similar to the long-existed theoretical prediction for a weakly bound neutral
exciton conﬁned in a QR, again, indicating a consequence of the optical AB
eﬀect. [6]
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Fig. 6 (a) Under a forward bias of 2.8 V the PL energy shows clear transitions at
∼2.6 T and ∼8 T. (b) When the bias changes from 2.8 V to 0.8 V, the transitions
shift smoothly to higher magnetic ﬁelds. (c) The PL intensity shows modulation under
increasing magnetic ﬁelds.

5 The Physical Origin of Tunable Optical AB Eﬀect
Theoretically it is important to distinguish between excitons composed of
strongly and weakly bound electron-hole pairs. [6] In the strongly bound
regime where the electron-hole Coulomb interaction is dominant, the exciton
moves along the ring as one tightly bound particle and AB eﬀect manifests
itself in a bright to dark transition in the ground state with increasing magnetic ﬁeld. While in the opposite limit of a weakly bound electron-hole pair,
there is strong radial polarization of the exciton and therefore, an interesting
modulation between diﬀerent bright and dark states will appear. We believe
that the electron-hole pairs in above-mentioned QRs are close to the weakly
bound regime, this is because: (i) in the ring geometry the ratio of Coulomb
to kinetic energies is proportional to the ring radius, while for small rings
(R < a∗ , the eﬀective Bohr radius) the quantization due to kinetic motion is
strong [6, 30] and the Coulomb interaction becomes weaker; (ii) in our structure the n-doped layer which locates 20 nm under the QRs (also, the metal
contact in the gated structure) can suﬃciently screen the eﬀectiveness of the
Coulomb interaction [7]; (iii) in experiment we also observe that the changes
in the binding energies ∆EB (XX) ≈ ∆EB (X+ ) when E changes (not shown
here), indicating that the strongly conﬁned few-particle picture is valid in our
QRs and, the eﬀective radii of electron and hole are very diﬀerent. [31, 32, 33]
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In the following sections we use the ﬁnite element method to calculate
the electron and the hole wave functions and energies in III-V semiconductor quantum rings. Both lattice-matched quantum rings (GaAs/AlGaAs) and
lattice-mismatched quantum rings (InAs/GaAs) are considered in our calculations, in order to study the eﬀect of strain on the optical AB eﬀect. The
total energy of the exciton is then calculated in the presence of Coulomb
interaction by diagonalizing the total Hamiltonian in the space spanned by
the product of the single particle states, and study the AB eﬀect in such
quantum rings. The tunability of the AB eﬀect for both the single particles
and the exciton energy by applying a perpendicular external electric ﬁeld is
also shown.

5.1 Model

Fig. 7 Schematics of the volcano-like quantum ring. A perpendicular electric and
magnetic ﬁeld are applied in the vertical direction. Bottom: the structure of the
quantum ring in the ρ-z plane.

Figure 7 shows the investigated geometry of the three dimensional ring,
A volcano shaped ring is embedded in a barrier material which is diﬀerent
from the ring material. In a three dimensional semiconductor quantum ring,
the full Hamiltonian of the exciton within the eﬀective mass approximation
is given by
∑

1
(Pj − qj Aj ) + Vc (re − rh )
2mj
j=e,h
∑
∑
+
δEj (rj ) +
Vj (rj ) − eF ze + eF zh ,

Htot =

(Pj − qj Aj )

j=e,h

j=e,h

(1)
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where Vj (rj ) is the conﬁnement potential of the electron (hole) due to the
band oﬀset of the two materials which will be diﬀerent inside and outside the
ring. Vc (re − rh ) = e2 /4πε| (re − rh ) | is the Coulomb potential between the
electron and the hole, and δEj (rj ) is the strain-induced shift of the energy
which depends on the strain tensor ϵij . We did not take the piezoelectric
potential into account since it is negligible compared to the other terms in
our case. The last two terms of Eq. (1) are the potential energy in the presence
of the perpendicular top to bottom directed electric ﬁeld F .

5.2 GaAs/AlGaAs quantum ring
5.2.1 Single particle wave functions
We consider ﬁrst a volcano shaped GaAs ring surrounded by AlGaAs [34]
where strain is negligible. We assume that only the lowest electronic subband
and the highest hole band (heavy hole) is occupied. In the GaAs, the electron and the hole have eﬀective mass me /m0 = 0.063 and mh /m0 = 0.51,
respectively. The static dielectric constant is ε = 12.5ε0 and the band
gap is Eg = 1.42 eV at helium temperature. While for AlGaAs, we have
me /m0 = 0.082, mh /m0 = 0.568, ε = 12.5ε0 , and a band gap of Eg = 1.78
eV. This results in a band gap diﬀerence of ∆Eg = 360 meV between GaAs
and AlGaAs, which leads to a conduction band oﬀset of about ∆Ec = 250
meV and a valence band oﬀset of about ∆Ev = 110 meV, so we can take
V (re(h) ) = 0 inside the ring and ∆Ec(h) outside the ring. The parameters
used were taken from Ref. [35]. As the dielectric constant is practically the
same everywhere and the diﬀerence of the lattice constant for GaAs and AlGaAs is very small, we may ignore the dielectric mismatch eﬀect, and the
strain induced term in Eq. (1).
Because of cylindrical symmetry we rewrite the Hamiltonian in cylindrical coordinates. Assume the wave function of the single particles to be
Ψ (ρ, z, θ) = ψe(h) (ρ, z)e−ile(h) θ , after averaging out the angular part of the
wave function, we obtain the 2D single particle Schrödinger equation :
(
−

2
le(h)
h̄2 ( ∂ 2
∂2
1 ∂
q 2 B 2 ρ2 ) qBle(h) h̄
+
+
−
−
−
2me(h) ∂z 2
∂ρ2
ρ ∂ρ
ρ2
4me(h)
2me(h)
)
+V (re(h) ) + qF ze(h) ψe(h) (ρ, z) = Eρ,z ψe(h) (ρ, z),

(2)

here q is −e for the electron and e for the hole. Taking advantage of
cylindrical symmetry we only need to solve the problem in a half section of
the ring as shown at the bottom inset of Fig. 7. We use the ﬁnite element
methods to obtain the ground state energy for diﬀerent angular moment
le(h) and electric ﬁeld F as a function of magnetic ﬁeld B. For a better
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understanding and further consideration of the transition, we ﬁrst write down
the single particle Schrödinger equation in dimensionless form (assume B = 0
and le(h)=0 ):
(

)
me0 (h0 ) ( ∂ 2
∂2
1 ∂ )
′
′
′
+
+
+
V
(r
)
+
A
F
z
F
e(h)
e(h) ψe(h) (ρ, z) = Eρ,z ψe(h) (ρ, z),
me(h) ∂z 2
∂ρ2
ρ ∂ρ
(3)
′
where Eρ,z
= Eρ,z /E0 , and E0 = h̄2 /2me0 (h0 ) R02 is the energy unit. We
take R0 = 1 nm as the length unit, and me0 (h0 ) is the eﬀective mass of
the electron (hole) in the barrier material GaAs. The eﬀective band oﬀset
V ′ (re(h) ) = V (re(h) )/E0 is 0.425 for the electron and 1.472 for the heavy
hole. We take the unit of the electric ﬁeld to be Fl = 1 kV/cm and the
coeﬃcient AF = Fl R0 e/E0 = 0.00263me0 (h0 ) .
−

Fig. 8 Contour plot of the ground state wave function of the electron and the hole
for diﬀerent values of the perpendicular electric ﬁeld F in the (ρ, z) plane. Here B = 0,
le(h) = 0 and the electric ﬁeld F from top to bottom are 100 kV/cm, 0, −100 kV/cm.
The contour of the ring is shown by the black curve.

Figure 8 shows the contour plot of the electron and the hole wave function
in the ρ − z plane. Here the size of the ring is chosen to be h1 = 4 nm, h2 = 6
nm, R1 = 12 nm and R2 = 30 nm. When the electric ﬁeld changes from 100
kV/cm to −100 kV/cm the wave function of the hole changes from a QD-like
to a ring-like wave function, while the wave function of the electron changes
from ring-like to QD-like. The hole wave function is more sensitive to the
electric ﬁeld, which can be understood from Eq. (3). The term related to the
electric ﬁeld is 0.00263me0 (h0 ) F ′ z, which is proportional to the eﬀective mass.
Since the heavy hole has a larger eﬀective mass, the eﬀect of the electric ﬁeld
will be larger.
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5.2.2 Constraints for dot-ring wave function transition

Fig. 9 Contour plot of the ground state wave function of the heavy hole for diﬀerent
sizes of the ring. The size (in unit of nm) and the corresponding electric ﬁeld are
speciﬁed above each ﬁgure.

From Eq. (3) and Fig. 8 we can determine the constraints in order to
have an electric ﬁeld tunable AB eﬀect: 1) The electric ﬁeld term AF F ′ dz
must be comparable to the diﬀerence of the conﬁnement energy of the QDlike and ring-like wave function, which is proportional to 1/h21 − 1/h22 . When
passing from the QD-like to the ring-like wave function, the diﬀerence of the
z coordinate is proportional to (h2 − h1 )/2, so the ﬁrst constraint condition
is AF F ′ (h2 − h1 )/2 ∼ 1/h21 − 1/h22 . For example in our case, h1 = 4 nm,
h2 = 6 nm and for the heavy hole with an eﬀective mass mh = 0.51m0
the electric ﬁeld should be at least 2(1/h21 − 1/h22 )/AF /(h2 − h1 ) ∗ Fl =
2(h1 + h2 )/(h21 h22 AF ) ∗ Fl , which is several tens of kV/cm. If we decrease h1 ,
then the electric ﬁeld should be larger. We see from Fig. 9(a) that if h1 = 2
nm, the wave function of the hole is still ring-like when F = 100 kV/cm,
and we need to increase the electric ﬁeld in order to have a QD-like wave
function, which leads to the second constraint condition: 2) the conﬁnement
energy of the electron (hole) when it is QD-like (i.e. which is ∼ 1/h21 ) should
be smaller than the band oﬀset V ′ (re(h) ) of the quantum ring, otherwise the
electron (hole) will move out of the ring to the barrier for large electric ﬁeld
values, as can been seen from Figs. 9(b) and (c). The wave function is still
ring like when F = 200 kV/cm, but when we increase the electric ﬁeld to
F = 250 kV/cm, the wave function starts to penetrate in the barrier region.
The AB eﬀect is still tunable, but the eﬀect of the electric ﬁeld will be very
small in case of a small ring height h2 . 3) The conﬁnement energy diﬀerence
of the QD-like and ring − like states, which are proportional to 1/h21 − 1/h22
should not be very small, otherwise the wave function of the electron (hole)
will always be QD-like and shows no observable AB eﬀect (as we can see
from Fig. 9(d), when h1 = 5.5 nm and h2 = 6 nm the wave function is still
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QD-like when F = −100 kV/cm). The above three constraints were obtained
for holes, but they are also valid for electrons.

5.2.3 Exciton energy including Coulomb interaction
The total exciton energy is calculated using the conﬁguration interaction
(CI) method. We ﬁrst construct the total exciton wave function as a product
of linear combinations of single electron and hole wave functions, and then
calculate the matrix elements of the exciton Hamiltonian. By diagonalizing
the obtained matrix we obtain the exciton energies and their corresponding
wave functions.
The Hamiltonian of the exciton is
Htot = He + Hh + Uc ,

(4)

here He and Hh are the single particle Hamiltonians,
1
,
Uc = U0 ∗ √
2
2
2
′
′
ρ′e + ρh − 2ρ′e ρh cos(φe − φh ) + (ze′ − zh′ )

(5)

is the Coulomb energy between the electron and the hole, where U0 =
−e2 /4πεR0 .
As the total angular momentum is a good quantum number because of
cylindrical symmetry, we assume the wave function of the exciton to be:
∑
ΨL (re , rh ) =
Ck Φk (re , rh ) ,
(6)
k

for given total angular moment L. Here, Φk (re , rh ) = ψne e−ile φe ψnh e−ilh φh ,
and the exciton wavefunction is constructed out of single particle eigenstates,
and k stands for the indices (ne , nh , le , lh ). le + lh = L should always be
satisﬁed for ﬁxed L, ne (nh ) is the quantum number of the single particle
radial wave function. As the energy of the single particle eigenstates with
large angular moment quantum number le (lh ) and quantum number ne (nh )
is much larger as compared to the ones with smaller angular moment quantum
number, we can limit ourselves to several tens of single particle eigenstates.
With this wave function, we can construct the matrix of the total Hamiltonian
and by diagonalizing the obtained matrix, we can get the eigenvalues and
eigenvectors.
For a ﬁxed total angular moment, we have
Uc (k, j) = Ck Cj ⟨Φk (re , rh ) |Uc |Φj (re , rh )⟩
∫ ∫ ∫ ∫
′
= Ck Cj
ψne ψnh ψme ψmh Alej ,lhj ,lek ,lh k ρ′e dρ′e ρ′h dρ′h dze′ dz(7)
h,
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and where the angular part of the integral is
∫ 2π ∫ 2π
e−i(lej +lhj −lek −lhk )φe ei(lhj −lhk )(φe −φh )
Alej ,lhj ,lek ,lhk = U0
dφe dφh √
.
2
0
0
ρ′e 2 + ρ′h 2 − 2ρ′e ρ′h cos(φe − φh ) + (ze′ − zh′ )
(8)
We know from Eq. (8) that, as the Coulomb interaction between the particles does not break the cylindrical symmetry, lej + lhj − lek − lhk should
be zero, which also makes the integral nonzero. If we take φe − φh as a new
variable in Eq. (8), it can be changed into an elliptic integral, which is easy
to calculate numerically. The remaining integral is easy to calculate numerically. The eﬀective exciton Bohr radius is aB = 4πεh̄2 /(µe2 ) = 11.7673 nm
(µ = 1/(1/me + 1/mh )), and we take a small volcano shaped ring (R1 = 10
nm, R2 = 16 nm, h1 = 2 nm and h2 = 4 nm), whose size is comparable to
the exciton Bohr radius.

(c)

Fig. 10 (a) Exciton energy for total angular momentum L = 0 as obtained from
the CI method (solid line) and compared to the results of the ground exciton energy
without Coulomb interaction (dot-dashed line), and the ground state energy by taking
the Coulomb energy as a perturbation (dashed line). Here F = 0. (b) Ground state
energy and the four lowest excited exciton energies as a function of the magnetic ﬁeld
for F = 0 and (c) for F = 150 kV/cm. Here R1 = 10 nm, R2 = 16 nm, h1 = 2 nm
and h2 = 4 nm
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The results of the total exciton energy for F = 0 and are shown in Fig. 10,
and as a comparison, we also show, in Fig. 10 (a), the results of the ground
exciton energy without Coulomb interaction and the total ground state energy by taking the Coulomb energy as a perturbation (we took only the lowest
electron and hole state into account, the result is much closer to the real
one for a smaller ring when the Coulomb energy is small as compared to
the kinetic energy). From Fig. 10 (a) we know that the Coulomb interaction
has a large eﬀect on the total exciton energy, and unlike the perturbation
result, the exciton energy from the CI method shows a monotonous increase
with magnetic ﬁeld. There are no oscillations as function of the magnetic
ﬁeld. Figures 10 (b) and (c) show the CI results, for the exciton energies
with diﬀerent values of the total angular momentum L, when F = 0 and
F = 150 kV/cm. It shows that the state with total angular moment L = 0
is always the ground state, which is diﬀerent from the perturbation theory
result shown in Fig. 10 where the total angular moment of the ground state
switches between L = 0 and L = 1. We notice that the energy of the exciton
states show no oscillation with increasing magnetic ﬁeld, both with or without perpendicular electric ﬁeld. The eﬀect of the electric ﬁeld on the exciton
leads to a decrease of the exciton energy and a larger diﬀerence between the
energy of the lowest exciton states.

Fig. 11 Exciton ground state energy as a function of the magnetic ﬁelds at diﬀerent
electric ﬁelds. (Left) F = −200 compared with F = 0 kV/cm, and (Right) F = 200
kV/cm compared with F = 0 kV/cm.

Till now, we did not observe any optical AB eﬀect in the exciton ground
state energy and any large inﬂuence of the perpendicular electric ﬁeld on
the oscillation. In order to see the eﬀect of the electric ﬁeld more clearly,
we calculate the energy for a quantum ring with a larger height and a much
larger electric ﬁeld. Since the period of the oscillation for the previous case
is large, we increase the radius of the ring in order to decrease the period.
Fig. 11 shows the exciton ground state energy with respect to the magnetic
ﬁeld in the case of F = 0 kV/cm, F = −200 kV/cm and F = 200 kV/cm.
Here R1 = 14 nm, R2 = 18 nm, h1 = 1 nm and h2 = 10 nm (the size is
still comparable to the eﬀective Bohr radius). As the state with total angular
moment L = 0 always has the lowest energy, the ground state is the same
as the L = 0 state here . It is clear that although the F = 0 state shows no
oscillation at all, the ground state energy in the presence of an electric ﬁeld
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shows a weak but observable oscillation, especially for the case of F = −200
kV/cm. And the ground state energy is smaller in the presence of a top to
bottom directed electric ﬁeld.
(a)

(b)

(c)

Fig. 12 Average distance < ρ > (left y scale in same color) and < z > (right y scale)
in unit of nm of the electron (hole) as a function of magnetic ﬁeld for (a) F = 0, (b)
F = −200 kV/cm and (c) F = 200 kV/cm. In (b) and (c) the curves of the electron
and the hole are separated in diﬀerent sub ﬁgures.

For a better understanding of the existence of the ground state AB oscillations and the diﬀerence of the oscillation period for diﬀerent values of the
electric ﬁeld, we calculate the average value < ρ > in the radial direction and
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< z > in the z direction of the electron and the hole in the exciton ground
state, which we show in Fig. 12. From Fig. 12(a) we see that < ρ > and < z >
for both electron and hole have no clear step-like behavior, but they rather
change smoothly. Furthermore, the diﬀerence of the average values of the
electron and the hole in both radial and z direction is rather small, especially in the z direction. This makes then the Coulomb interaction energy very
large and the polarity of the exciton extremely small, which greatly weakens
the oscillations in the exciton ground state energy. That is the reason why
we can not observe any oscillation of the exciton energy in the absence of the
electric ﬁeld. But in the presence of a perpendicular electric ﬁeld, we see from
Figs. 12(b) and 12(c) that the diﬀerence of the average values between the
electron and the hole becomes much larger. And the average values < ρ >
and < z > show pronounced increasing (or decreasing) step-like behavior
with increasing magnetic ﬁeld, especially for the electron. In both cases of
F = 200 kV/cm and F = −200 kV/cm, < ρe > and < ze > show obviously
oscillations with increasing magnetic ﬁeld, and their oscillation period is more
or less the same as the period of the oscillation in the exciton energy. That
is because the coupling of the electron and hole states with diﬀerent angular
momentum becomes much smaller as a result of the weak coulomb interaction. If we look at the normalization constant Ck in Eq. (6) we know that
the step-like behavior in < ρe > and < ze > in Figs. 12(b,c) originate from
the angular momentum transition of the main contributing basis function in
the total exciton wave function. With increasing magnetic ﬁeld, the angular
momentum pair (le , lh ) in the state Φk (re , rh ) which has the largest contribution to the total wave function changes from (0, 0) to (−1, 1) or to even
larger values, and this transition becomes more notable in the presence of a
perpendicular electric ﬁeld as the coupling between the diﬀerent contributing
basis functions is much weaker.
From Fig. 12 we also see that there are some diﬀerences between the cases
F = −200 kV/cm and F = 200 kV/cm. In the case of F = −200 kV/cm, the
electron is in the center area of the ring while the wave function of the hole has
a ring shape. The Coulomb interaction makes the electron (hole) move to the
top (center) area of the ring towards the hole (electron). When the magnetic
ﬁeld is increased, the electron (hole) wave functions change towards the area
with larger (smaller) values of ρ in which the hole (electron) is located, but
as a result of the strong electric ﬁeld and conﬁnement energy, only < ρe >
is mainly changed. Moreover, compared to the electron, the averages < ρ >
and < z > for the hole change more smoothly with increasing magnetic ﬁeld.
The behavior for F = 200 kV/cm is diﬀerent. The electron now is in the top
area of the ring, ρe and ze change over a rather small range as a result of
the strong conﬁnement in the top area of the ring. Moreover, with increasing
magnetic ﬁeld, < ρ > and < z > for both the electron and the hole increase
towards the area with larger value of ρ, but the change for the electron is
very small. This is diﬀerent from the case of F = −200 kV/cm.
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In order to study the exciton recombination, we calculate the oscillator
strength (the dimensionless quantity that expresses the strength of the transition) for the state with total angular momentum L = 0. The oscillator
strength for the exciton ground state is deﬁned as[36, 37]
∑
2 | < ex| i pxi |0 > |2
(9)
fg =
,
m
Eex − E0
where m is the free electron mass and |ex > (|0 >) is the exciton state (single
electron and hole pair). By using the envelope-function approximation, we
can derive[38]
∫
2
2P 2
Ψg (re , re ) dre ,
fg =
(10)
m(Eex − E0 )
here P includes all intra matrix-element eﬀects, Ψg (rh , re ) is the exciton
ground state wave function. For simplicity, here we will focus on the main
∫
2
variable part of the oscillator strength which is Of =
Ψg (re , re ) dre ,
named the overlap integral. The result of the overlap integral for the exciton
ground state is shown in Fig. 13, for F = −200 kV/cm, F = 0 kV/cm
and F = 200 kV/cm. In the presence of the electric ﬁeld, Of exhibits more
structure, and we can clearly see steps in the overlap integral. These have
the same period as the AB oscillation, which also originates from the angular
momentum transition. In fact, there is also an angular momentum transition
for the exciton ground state in case of E = 0, but neither on oscillation
in the ground state energy nor steps in the Overlap integral squared are
found. The insets of 13 give the 3D contour plot of the electron, hole and
exciton probability distribution in the ρ − z plane for B = 13 T in the
presence (absence) of an external electric ﬁeld. These ﬁgures explain the
basic mechanism for the existence of the AB oscillation and oscillator strength
steps when E = −200 kV/cm. Notice that in the absence of electric ﬁeld, the
electron and the hole probability distributions strongly overlap, they only
diﬀer slightly in the localization (as a result of larger eﬀective mass, the
hole has a larger localization). The average position of the hole in the radial
direction is < rh >= 11.24 nm which is a little larger than the electron
< re >= 11.1 nm (the diﬀerence in the perpendicular direction < zh >=
3.711 and < ze >= 3.723 nm is even smaller). The Coulomb interaction
between the electron and the hole is large, which greatly weakens the AB
oscillation in the exciton ground state energy. This is very diﬀerent from the
case of E = −200 kV/cm as we can see from the bottom insets of 13 for the
electron and the hole probability distributions. The strong external bottom
to top directed electric ﬁeld pushes the electron and the hole wave function
in opposite z-direction, increasing the polarity of the exciton. Compared to
the electron, the hole has a much larger localization and stays at the top area
of the ring with a large radius and height. The average values < rh >= 12.87
nm and < zh >= 7.697 nm for the hole are much larger than the values for
the electron (< re >= 10.45 nm and < ze >= 2.513 nm). Furthermore, the
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F = -200 kV/cm

F = 0 kV/cm

∫
Fig. 13 Overlap integral Of = | Ψg (re , re ) dre |2 of the exciton ground state energy
as a function of the perpendicular magnetic ﬁeld. Green dashed, red solid, and black
dash-dotted (lower ﬁgure) curves are for E = 0, E = −200, and E = 200 kV/cm,
respectively. The insets of the upper ﬁgure show the 3D contour plot of the probability
distribution for the electron and the hole when B = 13 T, the upper (bottom) three
insets are for the electric ﬁeld E = 0 (E = −200) kV/cm. Note the diﬀerent scales
for the three curves

Coulomb energy between the electron and the hole is reduced and the exciton
is not bound and the electron and hole are only weakly correlated. The areas
encircled by the electron and the hole are very diﬀerent and the electron and
hole pick up a very diﬀerent phase resulting in a non-vanishing AB eﬀect.
Fig. 13 also shows that the overlap integral for the case of F = 0 is much
larger, which is a consequence of the extremely small polarity of the exciton.
Of in case of F = −200 kV/cm shows the smallest value as compared to
the other two cases, which is due to the fact that the exciton has the largest
polarity and is most stable, and the AB eﬀect is the strongest. We can also ﬁnd
that for all three cases, the overlap integral increases with increasing magnetic
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ﬁeld, which means the exciton has a smaller polarity and also a weaker AB
oscillation. This is quite diﬀerent from the case of a single particle in a one
dimensional ring where the AB oscillation has almost the same strength.
The reason is that by increasing the magnetic ﬁeld, the Zeeman term makes
the angular momenta (absolute value) of both the electron and the hole to
increase, and consequently the electron and the hole will have a larger eﬀective
radius (note that in the one dimensional ring the radius is ﬁxed). However,
because the conﬁnement potential is diﬀerent inside the 3D ring it prevents
the electron and the hole from moving to the outer part of the ring which
has a radius larger than the top area of the ring. This leads, as shown in
Fig. 12, to a smaller diﬀerence in the electron and hole position inside the
ring with increasing magnetic ﬁeld, and consequently, a larger value of the
overlap integral and weaker AB oscillation.

Fig. 14 Second derivative of the exciton ground state energy with respect to the
magnetic ﬁeld for diﬀerent values of the perpendicular ﬁeld F = 0 (black solid line),
F = −100 kV/cm (red solid line), F = 100 kV/cm (red dash-dotted line), F = −200
kV/cm (light blue solid line), F = 200 kV/cm (light blue dashed line).

The external perpendicular electric ﬁeld does not only enhance the AB
oscillation of the exciton ground state energy, but also changes the period of
the AB oscillation, as we can clearly see from the second derivative of the
exciton ground state energy with respect to magnetic ﬁeld. Fig. 14 shows
the results for diﬀerent values of the external perpendicular electric ﬁeld. We
already know from Fig. 13 that the hole has a slightly larger radius than
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the electron in the absence of an external electric ﬁeld, the applied bottom
to top directed electric ﬁeld makes the hole (electron) have an even larger
(smaller) radius and height, this will largely decrease the Coulomb energy
and strongly enhance the AB oscillation of the exciton when the electric ﬁeld
is very strong. However from Fig. 14 we know the bottom to top directed
electric ﬁeld will increase the period of the oscillation which requires a larger
magnetic ﬁeld to observe it.
When the electric ﬁeld is top to bottom directed, i.e., the ones with positive
values, as the hole (electron) is pushed to the bottom (top) area of the ring,
the polarity of the exciton decreases when a very small electric ﬁeld is applied
(the results of such a small electric ﬁeld are not shown here), which possibly
weakens the AB oscillation. But when the top to bottom directed electric
ﬁeld is strong, the exciton can have a large polarity, and the AB oscillation
could be enhanced just like the case of bottom to top directed electric ﬁeld
(the oscillation of course is weaker than the bottom to top directed electric
ﬁeld with the same absolute value). Moreover, in the presence of the top
to bottom electric ﬁeld, the period of the AB oscillation could be largely
decreased, e.g. we can see from Fig 14 that when F = 250 kV/cm, the
ﬁrst oscillation happens at B ≈ 6 T, which is much smaller than the one
without an applied electric ﬁeld (which happens at B ≈ 8 T). The period
change is a consequence of the change of average radius of the electron and/or
hole. However, it is hard to obtain this result only from the magnetic ﬁeld
dependence of < ρe > and < ρh >. We notice from Figs. 12(b) and 12(c) that
< ρe > and < ze > is smaller in the case of F = −200 kV/cm as compared
to F = 0 kV/cm, but < ρh > and < zh > is larger, which probably decreases
the AB oscillation period of the total exciton energy. Moreover, < ρe > and
< ze > is larger in the case of F = 200 kV/cm, but < ρh > and < zh >
is smaller. The point is that as the hole has a much larger eﬀective mass,
the eﬀective radius of the exciton is mainly determined by the electron. The
period of the oscillation is proportional to mh / < ρe >2 +me / < ρh >2 , and
is mainly determined by the eﬀective radius of the electron (this is valid for
the case when the oscillation origins from the (0, 0) to (−1, 1) and even larger
angular momentum pair (l, −l) transition).

5.3 InGaAS/GaAs quantum ring
Now let us turn to a diﬀerent system where strain is important: In1−x Gax As
ring surrounded by GaAs, the concentration of Ga is proportional to the
coordinate z inside the ring [17], which is x = 0.4 − 0.05z. We take R1 = 15
nm, R2 = 22 nm, h1 = 0.5 nm and h2 = 4 nm for the ring.
For In1−x Gax As [35], we have the eﬀective masses me /m0 = 0.023 +
0.037x + 0.003x2 , mh /m0 = 0.41 + 0.1x, dielectric constant ε = (15.1 −
2.87x + 0.67x2 )ε0 , and a band gap of Eg = 0.36 + 0.63x + 0.43x2 eV. This
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results in a band gap diﬀerence of ∆Eg = 1.06 − 0.63x − 0.43x2 eV between
GaAs and In1−x Gax As, we take 25% of ∆Eg be the valence band oﬀset and
75% be the conduction band oﬀset. Since x = 0.4 − 0.05z inside the ring,
the band gap diﬀerence will be the largest at the top of the ring (which is
(1.06 − 0.63 ∗ (0.2) − 0.43(0.2)2 ) = 0.9168 eV), we assume V (rh ) = 0 when
z = 4 inside the ring, then we ﬁnd that V (rh ) = 0.25 ∗ 0.9168 = 0.275 eV
outside the ring and V (rh ) = 0.275 − 0.25(1.06 − 0.63x − 0.43x2 ) = 0.05324 −
0.01461z + 0.00032z 2 eV inside the ring, while for the conduction band oﬀset
we have V (re ) = 0.5032 + 0.9168 ∗ 0.75 = 1.145 eV outside the ring and
V (re ) = 1.145 − 0.75(1.06 − 0.63x − 0.43x2 ) = 0.62756 − 0.03409z + 0.00075z 2
eV inside the ring. For convenient of our calculation, we take the value of
the hole conﬁnement potential V (rh ), as in case of the electron, which make
the hole also be conﬁned in a potential well, larger value of V (rh ) stands for
higher energy. As a simpliﬁcation, we do not take the dielectric mismatch
eﬀect into account because it is nearly the same in the ring and in the barrier
material, but just assume ε = 12.5ε0 inside and outside the quantum ring
structure.
As in Sec. 5.2, we will solve the single particle Schrödinger equation
ﬁrst. As the lattice constant [35] is a1 = 0.56533 nm for GaAs and a2 =
0.60583 − 0.0405x nm for In1−x Gax As (x from 0.2 to 0.4 ), there is a lattice
mismatch (a2 − a1 )/a1 of 6%, which results in a large strain. The diﬀerence
from the previous case is that in a strained quantum ring the total conﬁnement potential terms V (re(h) ) in Eq. (2) now comes from the band oﬀset
energy due to the band gap diﬀerence, and the strain induced term. We calculated the strain by adapting a method developed by John Davies which is
based on Eshelby’s theory of inclusions [39, 40], where the elastic properties
are assumed to be isotropic and homogeneous. In our model the lattice mismatch between the two materials is ε0 = (0.243 + 0.02025z)/5.6533 inside
the ring and 0 outside. By using the ﬁnite element method, it is easy to obtain the eigenstrain. The strain in our case will change the potential of the
electron (hole) thus modify the band structure including the conduction and
the valence edge energies which are among the most important parameters
characterizing them.
We assume that the conduction band is decoupled from the valence band.
The edge of the conduction band responds only to the hydrostatic strain, the
total conﬁnement potential for the electron now becomes: [41]
V (re ) = Ve,of f + Uc
= Ve,of f + ac εhyd ,

(11)

where ac = −7.17 eV [42, 43, 44, 45] for GaAs and −2.09x − 5.08 eV for
In1−x Gax As is the hydrostatic deformation potential for the conduction band,
and εhyd = εxx + εyy + εzz denotes the hydrostatic strain εhyd .
The total conﬁnement potential for the heavy hole becomes: [41]
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V (rh ) = Vh,of f + Uv

√
= Vh,of f + P + sgn(Q) Q2 + RR† + SS † ,

P = av (ϵxx + ϵyy + ϵzz ) ,
b
Q = (ϵxx + ϵyy − 2ϵzz ) ,
2√
3b
R=
(ϵxx − ϵyy ) + idϵxy ,
2
S = −d (ϵxz − iϵyz ) .
(12)
here av = 1 + 0.16x eV, and b = −1.8 − 0.2x eV for In1−x Gax As are the
deformation potentials of the valence band and d = −3.6 − 1.2x eV. [42, 43,
44, 45]

Fig. 15 The left (right) column of ﬁgures are the electron conﬁnement potential
in the ρ (z) direction for diﬀerent values of z (ρ). Solid curves are the band oﬀset
(conﬁnement potential without strain) of the electron, while the dashed curves are
those for the case when strain is included. Here the conﬁnement potentials are in
units of eV.
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Fig. 15 shows the conﬁnement potential of the electron in the In1−x Gax As
quantum ring with (red dashed curves) and without (blue solid curves) strain
induced energy shift. The ﬁgures in the left column show the conﬁnement
potential in the ρ direction for a ﬁxed value of z, while the right ﬁgures are
for the conﬁnement potential in the z direction but with ﬁxed value of ρ.
we found, in the absence of strain, that the electron conﬁnement potential
is a constant in the ρ direction, as the concentration of Ga depends only on
the z coordinate. Moreover, the electron always has the lowest conﬁnement
potential in the place with the largest value of z, manifesting that the electron
is well conﬁned in the top area of the ring. In the presence of strain, the
conﬁnement potential in the ρ is never a constant both in and outside the
quantum ring. The conﬁnement potential with ﬁxed value of z has a clear
decreasing tendency with decreasing ρ, and reaches its minimum value at
the central region of the ring. In the z direction, we have the opposite result
from the case without strain. The electron always has the lowest conﬁnement
potential at the bottom of the volcano-shaped quantum ring as a result of the
lowest strain induced shift there. Thus, in the presence of strain, the electron
may move from the top area of the ring towards the bottom of the ring, and
towards the central region of the volcano-shaped quantum ring.
The strain included total conﬁnement potential for the hole is completely
diﬀerent. As we can see from the left ﬁgures of Fig. 16, the strain induced
energy shift makes the hole have the lowest conﬁnement potential at the
place with ρ ≃ 15 nm inside the ring. While in the z direction, the hole has
its minimum conﬁnement potential inside the ring for the largest value of z.
As a result, diﬀerent from the electron, the hole has the lowest conﬁnement
potential in the top area of the volcano-shaped quantum ring. Furthermore,
we can ﬁnd from Fig. 16 that the strain decreases the band oﬀset of the
hole. The strong conﬁnement makes the electron wave function diﬃcult to
extend in the top area of the ring with large ρ; while the result for the hole
is opposite. Therefore, the electron and the hole have completely diﬀerent
conﬁnement potential and localization, and the exciton may exhibit a large
polarity that will give rise to an observable AB oscillation as function of an
extend perpendicular magnetic ﬁeld.
With the obtained strain induced conﬁnement potential, we solved the
single particle Hamiltonian in the three dimensional ring. The results for the
electron and the hole energy are shown in Fig. 17. We can clearly see that
the electron and hole spectrums show similar patterns in the case without
taking strain into account [Figs. 17 (a) and (b)], but they are quite diﬀerent
when strain is present. The ﬁrst two transitions in Figs. 17(a) and (b) do
not occur at the same B-value, but the diﬀerence is very small, especially
by comparing them to the bottom two ﬁgures. As shown in Figs. 17(c) and
(d) the ﬁrst transition for the electron takes place for B around 7 T, while
for the hole it takes place for B around 3 T. Moreover, we only have one
transition for the electron below B = 15 T, the electron is in the region with
very small radius while the hole prefers the top of the ring, as we forecasted.
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Fig. 16 The left (right) column of ﬁgures are the hole conﬁnement potential in the ρ
(z) direction for diﬀerent values of z (ρ). Solid curves are the band oﬀset (conﬁnement
potential without strain) of the hole, while the dashed curves are those for the case
when strain is included. Here the conﬁnement potentials are in units of eV.

Thus, as a result of the large strain distribution diﬀerence, the wave function
distributions for the electron and the hole are much more diﬀerent when
strain is present.
Since the ring is small and we have large conﬁnement potentials, the
Coulomb interaction energy is smaller than the kinetic energy, and the exciton will be more polarized as is veriﬁed in Fig. 18, where the total exciton
ground state energy with and without strain are shown. The ground state energy is parabolic like with increasing magnetic ﬁeld in the absence of strain,
and the amplitude of the AB oscillation is small. When strain is included, the
exciton ground state energy is no longer quadratic in B. The AB oscillation
is more pronounced as seen from the right ﬁgure of Fig. 18, where the second
derivative of the exciton ground state energy with respect to the magnetic
ﬁeld is shown. By taking the strain into account, the AB oscillation is obviously enhanced, but the period of the oscillation becomes larger, as the strain
induced potential conﬁnes the electron more towards the center of the ring.
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Fig. 17 Single particle ground state energy for diﬀerent values of angular momentum
as a function of magnetic ﬁeld. (a) and (b) are the six lowest electron and hole energy
levels without strain, while in (c) and (d) strain was taken into account. The arrows
indicate angular momentum transitions in the ground state.

Fig. 18 (Left) Exciton ground state energy as a function of the magnetic ﬁeld
without strain (dashed line, with y-axis labeling on the left) and with strain (solid
line, with y-axis labeling on the right). (Right) the second derivative of the exciton
ground state energy with respect to the magnetic ﬁeld.

5.3.1 Gate tunable optical AB oscillation
In the presence of top to bottom directed electric ﬁeld, the electron (hole)
is strongly attracted towards (repelled from) the top area of the ring, as a
result, the polarity of the exciton can be reduced if the electric ﬁeld is not
very strong. Fig. 19 shows the second derivative of the exciton ground state
energy with the total angular momentum L = 0 for diﬀerent values of electric
ﬁeld (here, like in GaAs quantum ring, we found the L = 0 state is always
the ground state for the exciton, thus the states with other values of L are
not shown). It is clearly shown that by decreasing the top to bottom directed
electric ﬁeld from E = 200 kV/cm to E = 20 kV/cm, the amplitude of
the oscillation is slightly decreased, and the transition shifts smoothly to the

28

F. Ding
×10

-4

1

0.5

0

2

4

6

8

10

Magnetic field (T)

Fig. 19 Second derivative of the exciton energy of the state with L = 0. Note that
the curves are shifted vertically to observe the tendency clearly.

region with large magnetic ﬁeld. These numerical results well reproduce the
shift tendency of the experimental results in Fig. 6(b).

Fig.∫ 20 (a) The eﬀective radius of the electron (hole) ⟨ρe ⟩ (⟨ρh ⟩) as deﬁned
∗
(re , rh )ρe(h) ΨL (re , rh )dre drh . (b) The eﬀective radius λex = [(me +
by
ΨL
mh )/(mh /⟨ρe ⟩2 + me / ⟨ρh ⟩2 )]0.5 , which corresponds to the exciton radius deﬁnition
for a 3D system.

In Fig. 20(a)
∫ we show the eﬀective radius of the electron (hole) ⟨ρe ⟩ (⟨ρh ⟩)
as deﬁned by ΨL∗ (re , rh )ρe(h) ΨL (re , rh )dre drh (which represents the electron
and hole positions inside the ring). Here red solid (20 kV/cm) and red dashed
curves (200 kV/cm) are for the electron, while the blue curves correspond to
the hole. From Fig. 20(a) we know that with decreasing the vertical electric
ﬁeld from 200 to 20 kV/cm, the electron is attracted to the bottom area
of the ring, decreasing its eﬀective radius, while the hole is pushed to the
top of the ring and its eﬀective radius increases. From the change in ⟨ρe ⟩
and ⟨ρh ⟩ alone we cannot conclude that the period of the AB oscillation
decreases. Theoretical study reveals that the above two transitions, within
the B = 10 T range, of the exciton ground state come from the angular
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momentum transition of the main contributing single-particle basis function
in the total exciton wave function, but not from the single electron or hole
angular momentum. With increasing magnetic ﬁeld from B = 0 to B = 10
T, the angular momentum pair (le , lh ) in the state Φk (re , rh ) which has the
largest contribution to the total wave function ΨL (re , rh ) changes from (0, 0),
to (−1, 1), and then from (−1, 1) to (−2, 2). The period of the oscillation is
not only related to the eﬀective radius of the electron and the hole but also
to their eﬀective masses.
Fig. 20(b) shows the exciton radius which is deﬁned, by λex = [(me +
mh )/(mh /⟨ρe ⟩2 + me /⟨ρh ⟩2 )]0.5 , for diﬀerent values of electric ﬁeld. A close
investigation shows that the magnetic ﬁeld at which the ﬁrst transition takes
place, as shown in Fig. 19, is proportional to h̄/eλ2ex . Because the eﬀective
mass of the hole is much larger than that of the electron (also because the
electron and the hole radii change within the same order), λex should have a
similar behavior as the electron eﬀective radius ⟨ρe ⟩. This is clearly observed
in Fig. 20 and λex decreases monotonously with decreasing electric ﬁeld. As
a result, the ﬁrst transition takes place at a larger magnetic ﬁeld when we
decrease the electric ﬁeld.

(a)

(b)

Fig. 21 (a) Overlap integral of the neutral exciton in the presence of four diﬀerent
values of electric ﬁeld. (b) The experimental result for the PL intensity as a function
of magnetic ﬁeld and for several diﬀerent electric ﬁeld. Here solid lines mark the
general shift of the PL intensity with increasing electric ﬁeld[16].

The oscillator strength for the neutral exciton in the current system is also
calculated, in order to study the exciton recombination and the strength of
the transition. The results for the oscillator strength of the ground state for
diﬀerent values of electric ﬁeld are shown in Fig. 21(a) (As in the previous
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GaAs ring, here the overlap integral is used instead of the oscillator strength).
We ﬁnd that the oscillator strength always has a step-like increase tendency,
and its value does not change monotonously with increasing electric ﬁeld.
When the electric ﬁeld increases from E = 20 kV/cm to E = 80 kV/cm, the
overlap integral increases, manifesting an increasing wave function overlap
and a decreasing polarity of the neutral exciton. If the electric ﬁeld continues
to increase, the overlap integral starts to have a decreasing tendency instead.
The reason is that in the absence of electric ﬁeld, the hole has a larger eﬀective radius than the electron. The electron and the hole move towards each
other, switch their position and then move apart from each other (in the z
direction) by increasing the electric ﬁeld. These results can be veriﬁed from
the experimental data for the PL intensity, as we show in Fig. 21(b). The
PL intensity of the neutral exciton increases at ﬁrst by increasing the electric ﬁeld, as a result of a larger wave function overlap; after the PL intensity
reaches its maximum (when the electric ﬁeld is around 2 V), it starts to have
a decreasing tendency as the electron and the hole already switches their position and move in the opposite direction with further increase of the electric
ﬁeld.

Fig. 22 Solid line marked with circle symbols is the period of the AB oscillation as
a function of applied electric ﬁeld, while solid line marked with prism corresponds to
the AB amplitude (y-axis labeling on the right).

For a strained In1−x Gax As quantum ring we have a similar tunable AB
eﬀect as previously found for GaAs quantum rings. The period of the AB
oscillation as a function of applied electric ﬁeld is shown in Fig. 22, the
dependence of the AB amplitude (we deﬁne it by the diﬀerence of the value
of the second derivative of the total energy at B = 0 from the value at the
magnetic ﬁeld where the ﬁrst transition takes place) on the electric ﬁeld is
also plotted, but with the y-axis labeling on the right. The period of the
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AB oscillation, as we found in the case of a GaAs/AlGaAs quantum ring,
decreases when we increase the top to bottom directed electric ﬁeld. The
electron, which determines the period of the exciton AB oscillation, prefers to
stay close to the center of the ring because the strain included total potential
is small there. When we apply a bottom to top directed electric ﬁeld (negative
value of electric ﬁeld here), the electron is pushed much closer to the center
with a smaller eﬀective radius, thus the period increases; and as the electric
ﬁeld pushes the hole in the opposite direction, the enlarged polarity of the
exciton should increase the amplitude of the AB oscillation, which can be
seen from Fig. 22. If we change the direction of the electric ﬁeld, the period
will decrease and the AB amplitude will weaken, since the electron and the
hole are pushed towards each other. However, the AB amplitude increases
when the electric ﬁeld is so strong (here, when larger than 150 kV/cm) that
the electron and the hole switch their position: the electron attains a larger
eﬀective radius than the hole. The bottom to top directed electric ﬁeld has
a larger eﬀect on the AB oscillation, because the strain induced potential
counteracts (enhance) the inﬂuence of the top (bottom) to bottom (top)
directed electric ﬁeld. When comparing with Fig. 14, the eﬀect of the electric
ﬁeld here is much smaller than in previous unstrained quantum ring as the
height of the ring is smaller.
Figure 22 shows similar results as Fig. 5 in Ref. [16]. By decreasing the top
to bottom directed electric ﬁeld, the period of the AB oscillation increases.
We notice that the second period of the AB oscillation increases more slowly,
and does not take place for a magnetic ﬁeld value three times larger than the
ﬁrst one, which is very diﬀerent from the case of an ideal one dimensional
ring [6].

6 Conclusion
In conclusion, we studied the optical properties of the single neutral excitons conﬁned in a self-assembled In(Ga)As/GaAs QR structure. These novel
QRs are fabricated by molecular beam epitaxy combined with in situ AsBr3
etching. The morphology of In(Ga)As nanostructures embedded in GaAs matrix is unveiled by selective wet chemical etching combined with AFM. The
photoluminescence of single QRs reveal oscillations in both PL energy and
intensity under an applied magnetic ﬁeld. We also show that the oscillations
can be tuned by applying a vertical electric ﬁeld which modiﬁes the electron
and hole eﬀective radii. In order to explain the experimental results we calculate the single particle energy of a semiconductor quantum ring and ﬁnd that
the AB oscillations of the single particle energies can be tuned by an applied
perpendicular electric ﬁeld when the ring dimensions satisfy some constraint conditions. In addition, the strain inside the self-assembled quantum ring
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changes the conﬁnement potential of the electron and the hole, and as a
result, the polarity of the exciton is increased and the AB eﬀect is enhanced.
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